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Hidden Wave Function of Twisted Bilayer Graphene: Flat Band as a Landau Level
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(Dated: October 7, 2020)
We study the chirally symmetric continuum model (CS-CM) of the twisted bilayer graphene. The
equation on a flat band could be interpreted as a Dirac equation on a torus in the external non-
abelian magnetic field. We prove that the existence of the flat band implies that the wave-function
has a zero and vice verse. We found a hidden solution in the CS-CM model that has a pole instead
of a zero. Our main result is that in the basis of the flat band and hidden wave functions the flat
band could be interpreted as Landau level in the external magnetic field. From that interpretation
we show the existence of extra flat bands in the magnetic field.
Introduction. Twisted bilayer graphene (TBG) has re-
cently drawn a lot of attention from the physics com-
munity due to its interesting properties and applications
[1] - [40]. One of the most prominent features is the
recent discovery of correlated insulators and supercon-
ductivity, that are observed in a narrow range of twist
angles near θ = 1.05◦ , which is usually referred to as the
magic angle. At this angle the system develops a nearly
flat band near charge neutrality. Recently the flat band
was explained in a chiral model of TBG that neglects
certain hoppings [43]. In this Letter we continue the ex-
ploration of the mathematical structures of the flat band
and demonstrate the connection with the vector bundles
over the Riemann surfaces of higher genus.
TBG consists of a two graphene sheets placed on top of
each other at small angle θ that form a long-period pat-
tern (Moire pattern). One can estimate that the period of
the resulting super-lattice is of the order L(θ) ∼ aθ ≫ a,
where a is the graphene lattice constant. That allows
us to consider a continuum model for the Hamiltonian
instead of a lattice one. Such an approach was used by
Bistrizer and MacDonald [44, 45] and by Lopes dos San-
tos [46]. The numerical study of that model confirmed
the existence of the flat band at magic angle θ∗1 ≈ 1.05
◦.
The modification studied here [43] neglects the coupling
between the sublattices of the graphene. The system
acquires a chiral symmetry and usually referred to as
the chirally symmetric continuum model (CS-CM). The
Hamiltonian of CS-CM can be written in the following
form [? ]
H =
(
0 D(~r)
D∗(−~r) 0,
)
,D(~r) =
(
2i∂¯ U(~r)
U(−~r) 2i∂¯
)
, (1)
where ~r is the vector in 2d graphene sheet, ∂¯ = ∂x − i∂y
is anti-holomorphic derivative along a sheet and U(r) is
the hopping potential between two sheets of the TBG.
This Hamiltonian acts on the wave functions Ψ, that are
the four-component functions arising because we consider
two layers of graphene.
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Since we are interested in the existence of a flat band
near charge neutrality we should study the following
equations
HΨ = H
(
φ
ψ
)
= 0, or just D(~r)ψ = 2i
(
∂¯ + A¯
)
ψ = 0,
where A¯ =
(
0 U(~r)
U(−~r) 0
)
, (2)
where ψ = (ψ1, ψ2)
T
and φ = (φ1, φ2)
T
are the com-
ponents of the wave function Ψ. Due to the enhanced
chiral symmetry the equations on ψ and φ are decou-
pled, which allows for a deeper analytical investigation
of the properties of the CS-CM. These equations could
be interpreted as a Dirac equation in a non-abelian mag-
netic field A¯ ∈ su(2) on a Riemann surface [47]. We
will use this interpretation to bolster our intuition and
draw conclusions. Bloch wave-functions obey the follow-
ing boundary conditions
ψ~k(~r + ~a1,2) = e
i~k~a1,2Uωψ~k(~r + ~a1,2), (3)
where Uω is a matrix such that detUω = 1, ~a1,2 are the
periods of the Moire super-lattice and the vector ~k defines
the location in the Brillouin zone.
If the solution exists for any point k in Brillouin zone
then the system has a flat band. In the paper [43] the
potential A¯ was chosen such that the system of equations
(2) and (3) has a solution for any point in the Brillouin
zone. But for a general chosen potential A¯, the system of
equations (2) and (3) does have a smooth finite solution
only at some points k in Brillouin zone.
The purpose of this paper is to consider a generic A¯ and
try to get general properties independent of the concrete
form of A¯. Our main result is that once a flat band exists
without the magnetic field, there is an additional flat
band, that is not physical but appears once the external
magnetic field is applied. Therefore, the number of flat
bands increases in the presence of the magnetic field.
The paper is organized as follows. First, we will build
an integral of motion of the equation (2) that is propor-
tional to the Fermi velocity and prove that the flat band
appears if and only if this invariant is equal to zero. We
then demonstrate that the system of equations (2) and
(3) admits an additional solution, which is singular and
2therefore unphysical. This second solution will allow us
to rewrite the system of equations in the form of two
Dirac equations on a torus with effective U(1) magnetic
fields. That shows the direct connection of flat band to
the Landau levels.
Finally, we will show that the second solution becomes
non-singular and leads to additional flat bands if one in-
troduces an external magnetic field. The mathematical
details are delegated to the Appendix.
Fermi velocity, zeros of wave functions and the flat
band. For simplicity, let us consider equation (2) alone
without taking into account the boundary conditions (3):
Dψ =
(
∂¯ + A¯
)
ψ = 0, ψ ∈ C2, A¯ ∈ su(2). (4)
From the mathematical point of view, the external field A¯
could be seen as a holomorphic connection on a complex
plane.
Therefore equation (4) is just an equation for the mero-
morphic section of the trivial bundle E = C× C2 → C.
From the physical point of view, a wave function must
be finite. So we must assume that ψ is also a holomorphic
function of vector bundle E [? ].
Let us consider two finite solutions of the equation (4),
ψ1, ψ2. One can compute the Wronskian of these solu-
tions
W (ψ1, ψ2) = det(ψ1, ψ2) =W (r), then
∂¯W (r) = tr A¯ ·W (r), tr A¯ = 0 ⇒ W (r) =W (z), (5)
where we have used a standard argument from the theory
of differential equations and the fact that A¯ ∈ su(2) is
traceless. We come to the conclusion that the Wronskian
W (r) must be an analytic function. If ψ1,2 are finite
on a whole Riemann sphere, W (z) is holomorphic on a
compact manifold and therefore must be constant. This
property could be generalized to higher genus Riemann
surfaces and will provide a necessary and sufficient con-
dition for the existence of flat band in the system. One
can actually show [43] that W (z) is proportional to the
Fermi velocity of the system.
From flat band to zero Wronskian. Here we prove that
we can not have a flat band unless W (z) = 0. For the
application to TBG we should study the equation (2) on
a torus. Namely, we can consider a quotient π : C →
C/Λ,where Λ = ma1 + na2,m, n ∈ Z, a1,2 = a
x
1,2 + ia
y
1,2.
We must impose boundary conditions to glue the wave
function as we shift along the lattice Λ (3), which are just
the gluing functions of the vector bundle over the torus.
Without loss of generality we will set a1 = 1 and a2 = τ .
The vector bundle defined by boundary conditions (3)
with quasi-momentumK we denote as C2K . Again, equa-
tion (4) with the connection A¯ defines the meromorphic
section of this vector bundle.
For the sake of argument, we assume that there are at
least two points K1,K2 (not to be confused with the spe-
cial pointsK,K ′) in the Brillouin zone where the solution
exists.
Using the projection π : C→ C/Λ we can lift the sec-
tion from torus to the complex plane. Hence, the relation
(5) should still hold true. If we have two holomorphic so-
lutions ψK1,2 at two different points of the Brillouin zone
K1,2 we can lift them to the complex plane and compute
their Wronskian
WK1+K2(z) =W (ψK1 , ψK2) = det(ψK1 , ψK2), (6)
but because the W (z) is holomorphic and bounded in
the complex plane C (due to the periodicity conditions
(3) and the fact that ψK1 , ψK2 are finite) we must con-
clude that W (z) = const. Moreover, using boundary
conditions (3) we have
WK1+K2(z + a1,2) =WK1+K2(z)e
i(K1+K2)a1,2 , (7)
But if K1 +K2 6= 0 and W (z) is constant, the boundary
conditions are satisfied only if W (z) = 0. Hence, there
are only two possibilities:
1. W (z) = 0 and K1,K2 are arbitrary.
2. W (z) 6= 0 but K1 = −K2.
We start with the second possibility. We normalize
the solutions such that W (z) = 1. Then we get imme-
diately that ψK1 , ψ−K1 are nowhere zero, because oth-
erwise the Wronksian would be equal to zero at points
where ψ±K1 = ~0. Since W (z) is non-zero, the solu-
tions ψK1 and ψ−K1 are linearly independent at each
point of the torus C/Λ. If we consider now matrix
S = (ψK1 , ψ−K1) it satisfies the following equation(
∂¯ + A¯
)
S = 0, A¯ = −∂¯S · S−1, (8)
where we have used the fact that if detS 6= 0 the matrix
S is invertible. We would like to point out, that the
equation (8) does not mean A¯ is a flat connection, since
S ∈ SL(2,C) rather than SU(2) and therefore is not a
gauge transformations.
Let us consider another solution ψ of the eq. (4). Since
ψ±K1 are linearly independent we can always represent
ψ as a linear combination of these solutions:
ψ = v1(r)ψK1 + v2(r)ψ−K1 ,
Applying the operator D = ∂¯ + A¯ we get
Dψk = ∂¯v1 ψK1 + ∂¯v2 ψ−K1 = 0. (9)
Since ψ±K1 are linearly independent at each point of the
torus C/Λ it follows that the coefficients vi must be holo-
morphic ∂¯vi = 0. The functions ψ and ψ±K1 are finite
and non-zero everywhere, hence we must have that vi
are bounded. From the maximum principle for analytic
functions on a complex plane we must have that vi are
just constant. Therefore if we have an arbitrary solution
of the equation (4) at the point k of the Brillouin zone
we must have
ψk = vk,K1ψK1 + vk,−K1ψ−K1 , vk,±K1 ∈ C, (10)
3but it is easy to see that with any choice of the numbers
vk,±K1 we are not able to satisfy the boundary conditions
(3), unless k = ±K1. Therefore we can not have a flat
band if W (z) 6= 0.
From zero Wronskian to a flat band and a wave func-
tion with a zero. Let us prove the converse. Namely, if
W (z) = 0 at some points K1,K2 in the Brillouin zone,
the system develops a flat band. In other words, the
equation (4) has a solution at any point k in the Bril-
louin zone.
We start the proof by noticing that sinceW (z) = 0 and
ψK1,K2 satisfy the equation (4), then wave function ψK1
has a zero. Let us assume the opposite: that ψK1(r) 6= 0
at any point of the torus C/Λ. Because torus is compact
the minimum min
r∈C/Λ
|ψK1(r)| = m > 0 is reachable. If
W (z) = 0 the wave functions ψK1,K2 are proportional to
each other:
ψK2(r) = γ(r)ψK1 (r), DψK2 = ∂¯γ(r)ψK1(r) = 0,
where γ(r) is bounded as |γ(r)| <
|ψK2 (r)|
m and holomor-
phic ∂¯γ(r) = 0 . Then the function γ(r) = γ(z) must
be constant by the maximum principle. However, this is
impossible since ψK1,K2 satisfy different boundary condi-
tions. Hence we must conclude that ψK has at least one
simple zero [? ].
We can now follow the procedure described in [43] and
construct solution at any point k of the Brillouin zone.
Hidden wave function. We can draw some additional
conclusions the existence of the holomorphic section with
a zero at any point K of Brillouin zone. For the sake of
argument we will assume that ψK has one simple zero,
but this could be easily generalized to the case of multiple
zeros.
Let us notice that at general K there can be only one
holomorphic section ψK . Indeed, if there are two holo-
morphic linearly independent sections ψ1,2K , their Wron-
skian must be a holomorphic non-zero double periodic
function with specific boundary conditions, that must be
constant and 2K = 0 mod Λ. We come to the conclu-
sion if the other solution exists, it must be meromorphic.
The holomorphic section ψK (flat-band wave function)
of the bundle C2K forms a subbundle, that we denote as
γ. Then one can consider an exact short sequence:
0→ γ → C2K → (γ)
⊥ → 0 (11)
where (γ)⊥ = C2K/γ. The bundles γ and (γ)
⊥ are line
bundles, that are classified by the first Chern class c1
[49] (c1 is just the number of zeros minus the number
of poles). From this we have that the first Chern class
for the subbundles γ and (γ)⊥ must satisfy the following
relation
c1((γ)
⊥) = −c1 (γ) , (12)
suggesting that if γ has a holomorphic section, (γ)⊥ has
a section, but instead of a zero it has a pole. This rea-
soning is not enough for the proof of its existence, be-
cause (11) may not split. In other words, an element in
C2K/γ might not have proper boundary conditions: go-
ing around a torus cycle will not only produce a phase,
but also add a multiple of ψK . From physical point of
view it means that we can not simply represent this 2d
system as a stack of two topological materials with oppo-
site Chern numbers. The theory of vector bundles over
the Riemann surfaces was actively studied by Donaldson
[51]. Nevertheless, one can show that the short sequence
(11) is split over the torus. Here we will present a phys-
ical construction. That can be used to find the solution
explicitly. In the appendix we will prove the existence
using algebro-geometric methods.
Let us start from a holomorphic section ψK , that is a
solution of the equation (4), satisfies boundary conditions
(3), and has a zero at some point z0. Let us assume for
a moment that we somehow managed to find another
solution φK , that is linearly independent from ψK . If
such a solution exists, the Wronskian W˜ (ψK , φK) should
be a meromorphic function
det(ψK , φK) = W˜ (z), (13)
that satisfies double-periodic boundary conditions W˜ (z+
a1,2) = e
2i ~K~a1,2W˜ (z) (see (3)). Unlike the previous Sec-
tion, φK might have poles, so we can not conclude that
W˜ is constant. However, an analytic function with this
properties exists and is unique up to a normalization fac-
tor [49]. Namely, this function is represented as
W˜ (z) = e2i
~K~a1z
ϑ (z − z0; τ)
ϑ(z − z∞; τ)
, z0 − z∞ = ~K
~a2 − τ~a1
π
where ϑ(z; τ) is a Jacobi theta function. Since ψK is finite
everywhere, φK must have a pole at the point z = z∞.
From this we get a simple linear equation that φK should
satisfy
φ1Kψ
2
K − φ
2
Kψ
1
K = W˜ (z) (14)
Having determined W˜ let us now construct φK . At any
point z ∈ C/Λ this equation has at least one solution.
Since at point z = z0 both sides of the equation (14) has
a simple zero we can analytically continue the solution
at this point. Let us pick an arbitrary solution to the eq.
(14) and denote it as ζK(r). Any other solution of the
eq. (14) is
ζλK(r) = ζK(r) + λ(r)ψK , (15)
where λ(r) is an arbitrary function.
We can derive a relation for the function ζK(r).
Namely, we apply an operator ∂¯ to the Wronskian to
get
∂¯W˜ (z) = ∂¯ det(ψK , ζK) =
= det(DψK , ζK) + det(ψK , DζK) =
= det(ψK , DζK) = 0 (16)
4This means that in general DζK is proportional to the
wave function ψK
DζK = η(r)ψK , (17)
for some function η(r), that may have singularities. To
clarify what we have done, the solution ζK is just an arbi-
trary solution to the equation (14), and does not satisfy
the equation (4). In eq. (14) we can arbitrary choose ζ1K .
It could have some singularities. To avoid such a problem
we set ζ1K = 1 on the torus. Then the singularities of ζ
2
K
come only from the function W˜ (z).
As we discussed before the function ζK is not unique,
so we can consider ζλK from the eq. (15). This freedom
allows to set the right hand side of the eq. (17) to zero.
Indeed,
ζλK = ζK + λ(r)ψK (18)
DζλK(r) = DζK(r) + ∂¯λψK(r) =
[
η(r) + ∂¯λ(r)
]
ψK ,
Therefore we just need to solve the following equation on
a torus
∂¯λ = −η + Cδ(2)(z − z0), (19)
with periodic boundary conditions λ(r + a1,2) = λ(r).
The term proportional to δ function is allowed since ψK
has a zero at point z = z0. To solve (19) we make a
Fourier transform over the torus
k¯λ(k) = η(k) + Cδk,0, (20)
This equation has a solution for any k if C = −η(0). The
general solution then is
λ(k) =
kη(k)
|k|
2 , λ(0) = 0 (21)
Therefore we managed to find a second solution to the
equation (4) with boundary conditions (3), that is singu-
lar but linearly independent from the holomorphic solu-
tion.
One can check that λ(r)ψK is finite everywhere and
therefore the pole of ζK . We have checked numerically
that if one follows the above procedure we can derive
wave function that has a simple pole and satisfies the
system of equations (4) and (3).
Hidden Landau Levels. We have two solutions at the
Brillouin point K: ψ0K with a zero at a point z0 and ψ
∞
K
with a pole at a point z∞. Then we can introduce wave
functions, that are finite defined as
ψˆ∞ = ei
~K~a1z−
1
2
Bzz¯ϑ(z − z∞; τ)ψ
∞
K ,
ψˆ0 =
ei
~K~a1z+
1
2
Bzz¯
ϑ(z − z0; τ)
ψ0K , (22)
where B is a constant magnetic field corresponding to
flux 1 in the Moire lattice.
One can see that
S =
(
ψˆ0, ψˆ∞
)
detS = det(ψˆ0, ψˆ∞) = 1 (23)
Then since detS = 1 we can invert this matrix at each
point of the lattice C/Λ. This matrix allows to rewrite
the Dirac operator as
Dˆ = S−1DS =
(
∂¯ − 12Bz 0
0 ∂¯ + 12Bz
)
, (24)
This shows that in this basis we have just effectively split
TBG into two sheets with some magnetic field B. The
magnitude of this field is the same in both sheets, but dif-
fers in sign. The boundary conditions and the equations
indicate, that the equations correspond to the Landau
levels studied on the complex tori (see Appendix for the
detailed discussion). In one layer the magnetic field sup-
ports the existence of the wave function, while in the
other the magnetic field supports a solution, that has
a pole instead of a zero and therefore is not physical.
Therefore we clearly see that the flat band in the chiral
model is a Landau level created by the interlayer inter-
action. An analogous conclusion was derived from the
different arguments [50].
Now we can turn on an external magnetic field. It cor-
responds to the adding of a component proportional to
the identity matrix to the anti-holomorphic connection
in the eq. (4). This part is not sensitive to the transfor-
mation in the eq. (24). Therefore the equation for the
zero mode has the following form
DˆB =
(
∂¯ − 12Bz + A¯U(1) 0
0 ∂¯ + 12Bz + A¯U(1)
)
, (25)
where A¯U(1) is a gauge potential for the external mag-
netic field. For simplicity we assume that A¯U(1) has a
flux Φ ∈ Z through the Moire super-lattice. The equa-
tion (25) shows us that the system decouples into two
non-interacting layers with fluxes Φ ± 1. Then one can
see that if Φ ≤ −1 there are no flat bands, for Φ = 0
there is exactly 1, for Φ ≥ 1 there are 2Φ flat bands.
Note that we have studied only the anti-holomorphic
part of the Hamiltonian (1). The holomorphic part(the
other chirality) exhibits the same properties but for Φ→
−Φ. It means that in total there are 2 |Φ| flat bands for
|Φ| > 0 and for Φ = 0 there are only 2 flat bands. We
can study the case of the rational flux, in this case we
would reproduce the Hofstadter’s butterfly [52].
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Supplementary Material
Landau Levels on torus. In this section we briefly re-
view the wave functions on torus, we will mostly follow
Haldane and Rezayi [53]. We consider that we have a
complex torus C/Λ,Λ = {n+mτ ;n,m ∈ Z}. We want
to find solutions to the following equation
DˆBψ =
(
∂¯ +
1
2
eBz
)
ψ = 0, F = ∂¯A− ∂A¯ = B. (1)
To establish boundary conditions we consider a shift of
z by a lattice vector ai = 1, τ to get(
∂¯ +
1
2
eBz +
1
2
eBai
)
ψ = 0 (2)
To remove the change in the gauge potential, we should
make a gauge transformation
ψ(z)→ ψ(z)e−
1
2
eBai z¯+
1
2
eBa¯iz, (3)
this can be used to define the boundary conditions.
Namely,
T1 : ψ(z + 1) = ψ(z)e
− 1
2
eBz¯+ 1
2
eBz,
Tτ : ψ(z + τ) = ψ(z)e
− 1
2
eBτz¯+ 1
2
eBτ¯z (4)
We should check the consistency of this boundary condi-
tions, that T1Tτ = TτT1. One can check that
T1Tτψ(z) = e
eB(τ−τ¯)TτT1ψ(z) (5)
The difference between this phases is eeB(τ−τ¯) = 1. That
gives a condition for the consistent boundary conditions
(4)
πΦ = eB Im τ, eB =
πΦ
Im τ
, Φ ∈ Z (6)
This conditions give that the integral over a fundamental
period is equal to Φ = 12π
∫
Fd2z = eBπ Im τ .
Then if we can consider a general k from Brillouin zone
to get (
∂¯ +
1
2
eBz
)
ψk(z) = 0,
ψk(z + ai) = ψk(z)e
− 1
2
eBai z¯+
1
2
eBa¯iz+i(k,ai) (7)
Where (k, z) = kxx + kyy = Im kz¯, k = kx + iky, z =
x+ iy.
For Φ = −1 the equation (7) is easy to solve, we get
ψk,−1(z) = ϑ
(
z +
ik
2eB
; τ
)
e
1
2
eB(z+ ik
2eB
)2+i 1
2
k¯z− 1
2
eBzz¯
The zero of this function is located at
z0 =
1
2
+
1
2
τ −
ik
2eB
(8)
Whereas for Φ = +1 we get a solution with a pole:
ψk,−1(z) =
1
ϑ
(
z + ik2eB ; τ
)e 12 eB(z+ ik2eB )2+i 12 k¯z− 12 eBzz¯
If Φ 6= −1, the solution is just
ψK,Φ(z) =
∏
k1+...+kΦ=K
ψki,−1(z) (9)
It seems that there is now an infinite number of the wave
functions at given K. One can show that there is only a
finite number of the linearly independent solutions (9).
To compute this dimension we can use the Riemann–
Roch formula [49] for the operator DˆB in eq. (1). This
gives that dim ker DˆB = Φ, so when Φ is negative we
don’t have any finite solutions for the Landau levels at
any point of the Brillouin zone. The case Φ = 0 is special
- there is some zero modes but only at special points of
the Brillouin zone.
The splitting of short exact sequence and Cˇech coho-
mology. In this subsection we would like to clarify the ex-
istence of the second solution from the cohomology point
of view, that is quite rigorous and could be generalized
to the higher Riemann surfaces [54].
We start with the rigorous formulation of the prob-
lem. Assume that we have a Riemann surface M with
some holomorphic vector bundle of rank 2, π : E → M
and some connection A¯. Namely, we have a covering of
the Riemann surface with open subsets {Uα} where the
vector bundle could be trivialized
M =
⋃
α
Uα, E|Uα ≈ Uα × C
2. (10)
When we move from one covering Uα to another Uβ we
need to glue the section with the use of the gluing func-
tions g0αβ , that are holomorphic ∂¯g
0
αβ = 0. The connec-
tion A¯β transforms as
A¯β = gˆ
−1
αβ A¯αgˆαβ + gˆ
−1
αβ ∂¯gˆαβ (11)
We want to find holomorphic sections of these vector bun-
dles. Namely, we want to find a collection of functions
{ψα}, such that the following conditions are satisfied
ψ0α = g
0
αβψ
0
β ,
(
∂¯ + A¯α
)
ψ0α = 0 (12)
We can get rid of the connection A¯α by solving the
equation (12) at each covering and performing the gauge
transformation.
Then we can generally study the following problem
ψα = gαβψβ , ∂¯ψα = 0. (13)
So we just need to find ameromorphic sections of the vec-
tor bundle E defined by cocycles gβα in the assumption
6that we have a holomorphic sections of the bundle (13)
ψh. Namely, we have a collection of holomorphic func-
tions ψhα(z) defined at each coverings and satisfy bound-
ary conditions
ψhα = gαβψ
h
β (14)
We want this functions ψhα to be non-zero at any cover-
ings ofM. Whenever we encounter a zero in some cover-
ing Uα, ψ
h
α(z
α
0 ) = 0, we redefine holomorphic section and
gluing functions ψˆhα =
1
z−zα
0
ψhα and gˆαβ = γ
1
αβgαβ , γ
1
αβ =
z−zα
0
z−zβ
0
. This new function is nowhere zero and changes
as
ψˆhα = γ
1
αβgαβψˆ
0
β , where γ
1
αβ ∈ C, γ
1
αβγ
1
βγγ
1
γα = 1
(15)
Since this section is nowhere zero we can find another
set of holomorphic functions that is linearly independent
from ψˆα at each point. We call this set of functions as ψˆ
∞
α
and with analgous procedure introduce γ2αβ to remove
all zeros it can possible have. Because of this at each
covering we can change basis to ψˆα and ψˆ
∞
α . One can
check that gluing functions in this new basis of the vector
bundle becomes
gˆαβ =
(
γ2αβ hαβ
0 γ1αβ
)
, where
γ2αβγ
2
βγγ
2
γα = 1 and hαγ = γ
2
αβhβγ + hαβγ
1
βγ (16)
If we got that hαβ = 0 then the function ψˆ
∞
α would
change through each other as
ψˆ∞α = γ
2
αβgαβψˆ
∞
β , (17)
and define a legimate section of the vector bundle E.
Since the set of function γ2αβ represents a line bundle, it
has a meromorphic section: a set of meromorphic func-
tions fα(z) with property γ
2
αβ =
fβ
fα
. Then new functions
ψ∞α = fαψˆ
∞
α (18)
are holomorphic everywhere and transforms as
ψ∞α = gαβψ
∞
β , (19)
And therefore represents a legitimate section of the orig-
inal vector bundle E, but contains a pole at some point.
Let us show that we can get rid of hαβ by a proper re-
definition of the arbitrary chosen ψˆ∞α . Namely, we notice
that the choice of ψˆ∞α is not unique. At each covering we
can make a change
ψˆ∞α → ψˆ
∞
α + hα(z)ψˆ
0
α (20)
It changes gluing functions as
hαβ → hαβ + γ
2
αβhβ(z)− hα(z)γ
1
αβ (21)
This gives that hαβ belongs to H
1(O(γ1γ
−1
2 )) and by
Serre duality are dual to H0(O(κγ−11 γ2)), where κ is a
tangent line bundle. This line bundle does not have any
holomorphic section if its Chern class is negative. We get
c1(κγ
−1
1 γ2) = 2g − 2− c(γ1) + c(γ2) =
= 2g − 2− 2c(γ1) = −2c(γ1) < 0 (22)
and we have used g = 1(torus) c1(γ1) ≥ 1 (because ψˆα
has at least one simple zero) and c1(γ1)+c1(γ2) = 0 that
is related to the eq. (12).
Since H1(O(γ1γ
−1
2 )) = 0 the cohomology class repre-
sented by hαβ is trivial. Meaning, that we can always
pick hα such that hαβ = 0 in the eq. (21). Then as we
discussed above ψˆ∞α will will represent a meromorphic
section of the vector bundle E. This procedure could
be generalized to the higher genus Riemann surfaces and
other vector bundles.
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